ONE POINT EXTENSIONS AND LOCAL TOPOLOGICAL 

PROPERTIES 
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Abstract. A space Y is called an extension of a space X if Y contains X 
as a dense subspace. An extension Y of X is called a one-point extension 
of X if Y\X is a singleton. P. Alexandroff proved that any locally compact 
non-compact Hausdorff space X has a one-point compact Hausdorff extension, 
called the one-point compactification of X . Motivated by this, S. Mrowka and 
J.H. Tsai [On local topological properties. II, Bull. Acad. Polon. Sci. Ser. 
Sci. Math. Astronom. Phys. 19 (1971), 1035-1040] posed the following more 
general question: For what pairs of topological properties 3? and «S does a 
locally- 5* space X having JS possess a one— point extension having both 8? 
and <S? Here, we provide an answer to this old question. 



1. Introduction 

Let 2? be a topological property. Then 

• 2? is closed hereditary if any closed subspace of a space with 2?, also has 
9>. 

• & is preserved under finite closed sums if any space which is expressible as 
a finite union of closed subspaces each having 3? ', also has 2? . 

• 2? satisfies Mrowka 's condition (W) if it satisfies the following: If X is a 
completely regular space in which there exists a point p with an open base 
Si for X at p such that X\B has 2* for any Bef, then X has 2*. (See 

0330 

Remark 1.1. If ^ is a topological property which is closed hereditary and pro- 
ductive then Mrowka's condition (W) is equivalent to the following condition: If a 
completely regular space X is the union of a compact space and a space with 2^, 
then X has ^. (See [8].) 

Let X be a space and let 2? be a topological property. The space X is called 
locally-2 21 if each of its points has a neighborhood in X with 3*. Note that if X is 
regular and 2? is closed hereditary, then X is locally- 2? if and only if each x E X 
has an open neighborhood U in X such that clxU has J 2 . 

Let X and 23 be Hausdorff spaces. The space X is said to be E-completely regular 
if X is homeomorphic to a subspace of a product E a for some cardinal a. (See [3] 
and [H].) In [12] (see also [13]) the authors proved that for a topological property 
2? which is regular-closed hereditary and preserved under finite closed sums, and 
satisfies Mrowka's condition (W), every ^-completely regular (where E is regular 
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and subject to some restrictions) locally- space has a one-point ^-completely 
regular extension having & '. (See [9] for related results.) The authors then posed 
the following more general question: For what pairs of topological properties and 
J2 is it true that every locally-^ space having £? has a one-point extension having 
both 3? and J2? Indeed, the systematic study of this sort of questions dates back to 
earlier times when P. Alexandroff proved that every locally compact non-compact 
Hausdorff space has a one-point compact Hausdorff extension (thus answering the 
question in the case when is compactness and £2. is the Hausdorff property). 
Since then the question has been considered by various authors for specific choices 
of topological properties & and i2. In this note we provide an answer to the above 
old question of S. Mrowka and J.H. Tsai. (See also Theorem 4.1 of [7] for a related 
result.) Results of this note modify and simplify those we have proved in the final 
chapter of [4]. 

We now review some notation and terminologies. For undefined terms and no- 
tation we refer to [2] . 

Let X be a space. If / : X — > M is continuous, denote Coz(/) = X\f~ 1 (0). Let 



Let X be a completely regular space. The Stone-Cech compactification f3X of 
X is the compactification of X characterized among all compactifications of X by 
the following property: Every continuous / : X — > [0,1] is continuously extendable 
over fiX; denote by fp this continuous extension of /. 

2. One-point ^-^-extensions of locally-J 2 * non-J 2 ^-spaces 
The following subspace of (3X, introduced in [4] (also in [5]), plays a crucial role. 
Definition 2.1. For a completely regular space X and a topological property 



where vX is the Hewitt realcompactification of X. (See [5], also [6].) 

If X is a space and D is a dense subspace of X, then clxU = c\x(U n D) for 
every open subspace U of X; we have the following simple observation. 

Lemma 2.3. Let X be a completely regular space and let f : X — ► [0, 1] be contin- 
uous. If < r < 1 then 



Coz(X) = (Coz(/) : / : X -> R is continuous}. 




Remark 2.2. If & is pseudocompactness then 



\g?X = mipxvX 



fp^r)} Ckt^ x /- 1 [[0,r)]. 



Proof. Note that 



/^[[M] Ccl^x/^[[0,r)] =cVx(ln/^[[0 ) r)]) 



clpxf-'W)]. 



□ 



Lemma 2.4. Let X be a completely regular locally-^ space, where & is a closed 
hereditary topological property. Then X C \g»X. 
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Proof. Let x E X and let U be an open neighborhood of x in X whose closure clxU 
has @>. Let / : X -> [0, 1] be continuous with f(x) = and f\(X\U) = 1. Let 
C = / _1 [[0, 1/2)] E Coz(X). Then C C U and thus cl x C has &>, as it is closed 
in clxU. Therefore int^xcl^xC C A^aX. But then a; E \&>X, as x E /^[[O, 1/2)] 
and /^[[O, 1/2)] C int^xcl/jxC by LemmaO □ 

Theorem 2.5. Let & be a closed hereditary topological property preserved under 
finite closed sums and satisfying Mrowka 's condition (W) . Let £i be a closed hered- 
itary topological property satisfying Mrowka 's condition (W) and implying complete 
regularity. If X is a locally-^ non-3? space having £! then X has a one-point 
extension having both & and £1. 

Proof. Let X be a \oc&\\y-£P non-£? space having =2. Note that XgeX ^ (3X; as 
otherwise, by compactness and the definition of \@>X we have 

(1) PX = int^xcl/sxCi U • • • U mtpxc\pxC n 

where C\,...,C n E Coz(X) and each clxCi, . . . , clxC„ has SP. Taking the inter- 
section of both sides of ([T]) with X, we then have 

X = c\ x Ci U • • • Ucl x C„. 

This implies that X has as it is the finite union of closed subspaces each having 
. This is a contradiction. Note that XgsX is open in f3X by its definition, and 
X C XgaX by Lemma 12.41 as X is locally-^ 2 . Let T be the quotient space of 
f3X obtained by contracting the non-empty set (3X\\@>X to a point p and denote 
by q : (3X — > T its quotient mapping. Note that T is Hausdorff, as f3X\\g»X is 
closed in the normal space j3X. Since T is also compact, as it is the continuous 
image of j3X, it is then completely regular. Also, note that T contains X as a dense 
subspace. Consider the subspace Y — XU{p} of T. Then Y is a completely regular 
one-point extension of X. We need to show that Y has both ^ and =2. To show 
this, since 8? and =2 both satisfy Mrowka's condition (W) it suffices to show that 
Y\V has 3? and £} for every open neighborhood V of p in Y. Let V be an open 
neighborhood of p in Y. Let V' be open in T such that V = Y f] V'. Note that 

Y\V = in (T\V) =xn q- l [T\V]. 

Since p E V we have 

q- l [T\V] n (J3X\\&X) = q-^T^nq-^p) = 

and thus q~ 1 [T\V] C A^>X. Since g _1 [T\y] is compact, as it is closed in j3X, we 
have 

(2) q- 1 [T\ V] C int^c^x-Dl U • • • U int^ebjx A» 

for some D\, . . . , E Coz(X) such that each clx-Di, ■ • ■ , clxD m has Taking 
the intersection of both sides of ([2]) with X, we have 

Y\V C cl A -L>i U • • • U cl x £> m = H. 



But if has @* , as it is the finite union of closed subspaces each having 3? . Therefore 
Y\V has as it is closed in H. That Y\V has 3 follows, as Y\V is closed in X 
and X has B. □ 
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Example 2.6. The list of topological properties satisfying the assumption of The- 
orem [23J is quite long and include almost all important covering properties (i.e., 
topological properties described in terms of the existence of certain kinds of open 
sub-covers or refinements of a given open cover of a certain type), among them are: 
compactness, countable compactness (more generally, [9, Ac]-compactness) , the Lin- 
delof property (more generally, the /x-Lindelof property), paracompactness, meta- 
compactness, countable paracompactness, subparacompactness, submetacompact- 
ness (or #-refinability) and the cr-para-Lindelof property. (See [J, also [2], for 
definitions. For the proof that these all satisfy Mrowka's condition (W), see [I]. 
That these topological properties arc closed hereditary and preserved under finite 
closed sums, follow from Theorems 7.1, 7.3 and 7.4 of pQ.) 
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